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Abstract 

We establish an equidistribution theorem for the zeros of random holo¬ 
morphic sections of high powers of a positive holomorphic line bundle. The 
equidistribution is associated with a family of singular moderate measures. 

We also give a convergence speed for the equidistribution. 
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1 Introduction 

Distribution of zeros of random polynomials is a classical subject. Waring na 
used a probabilistic method to determine the number of imaginary zeros of an 
algebraic polynomial. More rigorous and systematic research started with the pa¬ 
per of Bloch-Polya [2] in 1930s. They gave an order of the expected number of real 
roots of certain random algebraic polynomial equation. Littlewood-Offord, Ham- 
mersley, Kac and Erdos-Turan developed this field motivated by Bloch-Polya’s 
work. See mum for a review and complete references. 

We introduce the basic setting in the paper. Let cops be the standard Kahler 
form induced by the Fubini-Study metric on normalized by Jp*. Upg = 1. Let 
A be a projective manifold of dimension k, L an ample line bundle over X. Fix 
a Hermitian metric h on L such that the curvature form uj is Kahler on X. Then 
u represents the first Chern class Ci(L) with = Ci(L)^ G Let L'^ be 

the nth tensor product of L. Denote by H^{X, L^) the space of all holomorphic 
sections of L"'. Let PiL°(A, L”) be the associated projective space. We denote 
by ups its normalized Fubini-Study form. Set := dimPiL°(A, L"'), where kn 
is given by the Hilbert polynomial whose dominant term is Ci{L)’^n^/k\ |T3]. Let 
Sn G PiL°(A, L"'). Denote by [Zs„] the current defined by the zero set of s„. Set 
= Un>ifHXX,L’'). 
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In order to state our theorem, we also need the following terminologies. Fix 
some exponent 0 < p < 1 , a function m : M —)■ M dehned on a metric space 
(M, dist) is said to be of class with modulus c if 

|M(a;) -u{y)\ 

sup --- 7 -r- < C. 

dist{x,y)P 

x^y 

Consider a complex manifold M with a hxed volume form, let 7 be a closed real 
current of bidegree (1,1) on M. An upper-semi continuous function u : M ^ 
[—cx), cx)) in is said to be 7 -p.s.h. if dd'^u -|- 7 > 0. 

Let an be the probability Lebesgue measure on L"') and a the product 

measure of these ones on P^. Shiffman-Zelditch |T 6 ] proved that the sequence of 
currents {^[Zg^]} converges weakly to oj for a-almost everywhere (s„) G P^. They 
used the potential-theoretic approach from Fornaess-Sibony’s work m- Dinh- 
Sibony [U] generalized the result and obtained a good estimate of the convergence 
speed over a projective manifold endowed with a smooth positively-curved metric. 
Consequently, they constructed a singular measure with real coefficients which 
satishes equidistribution property (cf. [9l Corollary 7.4]). Dinh-Ma-Marinescu 
[ 6 ] recently established the equidistribution for a semipositive singular Hermi- 
tian line bundle. When the Lebesgue measures in Shiffman-Zelditch’s result are 
replaced by moderate measures with Holder potentials (see Sections 2, 3), we 
have our main theorem as follows which gives a concrete large family of singular 
moderate measures that satishes equidistribution property. It can be regarded as 
a perturbation of standard measures induced by Fubini-Study metric. 

Theorem 1.1. Let L be an ample line bundle over a projective manifold X of 
dimension k and 0 < p < 1 an exponent. Then there exists a constant c = 
c{X,L,p) > 1 with the following property. For each n > 1, 1 < j < kn, let 
Un,j '■ PiL°(X, L"') —>■ R 6 e a function and fn, > 0 two numbers such that 
(i) Un,j is of class with modulus VI < j < kn; 

(a) Un,j is CnUps-P-S-h., VI < j < 

(Hi) Cn < < l/c'^\ 

Let an = {dd^Unp + ojps) A {dd^Unp + oJps) A • • • A {dd^Un,kn+^Ps) be the probability 
measure on FH^{X, L^). Endow P^ with the product measure a = Y\n>i^n- 
Then for almost everywhere s = (s„) G P^ with respect to a, the sequence of 
currents {^[Zg^]} converges weakly to oj. 

The following result gives a convergence speed for the equidistribution in 
Theorem 1.1. 

Theorem 1.2. In the setting of Theorem 1.1, there exist subsets En C ¥H^{X, L^) 
and a positive constant C depending only on X, L such that for all n sufficiently 
large, we have 

(Tn{En)<^ and |(-[^^„] - ca,- 0 )| < ^ 

' n ' n 
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for any point Sn € U") \En and any {k — l,k — l)-form f) of class 

The paper is organized as follows. In Section 2 we recall the notion of moder¬ 
ate measnre and give an estimate for moderate measnres with Holder continuous 
potential on In Section 3 we introduce some notions and theorems for the 
equidistribution of zeros. We then apply the results in Section 2 to prove the 
main theorem and give a very explicit example. We conclude Section 3 with the 
proof of Theorem 1.2. 


2 Estimate for moderate measures 


In this section, we give an estimate for moderate measures on P^. Some 
preliminaries for dehnitions and properties are needed. 

Let {X, u) be a compact Kahler manifold of dimension fc, its standard 
volume form. We say that a function 0 on X is quasiplurisubharmonic (q.p.s.h.) 
if it is ccn-p.s.h. for some constant c > 0. In fact, it is locally the difference of a 
p.s.h. function and a smooth one. Consider a positive measure /x on X, // is said 
to be PLB if all the q.p.s.h. functions are /i-integrable. When dimX = 1, /i is 
PLB if and only if it admits a local bounded potential [lO]. Let 

X = {0 q.p.s.h. on X : dd^cf > —a;,max0 = 0}. (1) 

X 

T is compact in U’{X) and bounded in L^(/x) when /i is a PLB measure, see [9]. 

Definition 2.1. Let qi be a PLB measure on X. We say that /x is (c, a)-moderate 
for some constants c > 0, a > 0 if 


exp{—a(())dfi < c 


for all 0 G X. The measure /x is called moderate if there exist constants c > 
0, a > 0 such that it is {c, a)-moderate. 

For example, is moderate [12]. When X = P^, we recall the following 
proposition [9l Corollary A.5], 


Proposition 2.2. 

that 


There are constants cq > 0 and oq > 0 independent of k such 



exp{-ao(j))ujps 


< cok, 


V0 G X. 


Remark 2.3. We have a general definition for locally moderate measure on a 
complex manifold X of dimension k. The measure /x is locally moderate if for 
any open set U <Z X, any compact subset K <Z U and any compact family Q of 
q.p.s.h. functions on U, there are constants a > 0, c > 0 such that 


exp{—a(j))dfi < c, 


' K 


V0 G g. 
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As a consequence, Q is hounded in where p > 1. 

The following lemma gives an alternative definition of moderate measures [7] . 

Lemma 2.4. A PLB measure /i is moderate if and only if there exist two con¬ 
stants c' > 0, a' > 0 such that 

yL{z e K : 0 ( 2 ;) < —M} < c'e~°‘'^ 

for any M > 0 and 0 G 

Remark 2.5. We can take d = c, a' = a when c, a are given and take c = 2d, 
a = a'/2 when d, a' are given. 

Let S' be a positive closed current of bidegree (p,p) on X, the trace measure is 
as = S for a hxed Hermitian form u on X. Here X may not be compact. 

S is said to be locally moderate if its trace measure is locally moderate. If u is 
a continuous real-valued function and uS dehnes a current on X (for example, 
if supp u C suppS"), then dd'^{uS) is well dehned. We say that u is S-p.s.h. if 
dd‘^[uS) is a positive current. Dinh-Nguyen-Sibony [HI Theorem 1.1] proved the 
following theorem. We improve their method quantitatively in this section. 

Theorem 2.6. Let S be a locally moderate positive closed {p,p)-current on a 
complex manifold X. If u is a Holder continuous S-p.s.h. function, then dd^{uS) 
is locally moderate. 

Corollary 2.7. Let u be a Holder continuous p.s.h. function on X. Then the 
Monge-Ampere currents {dd'^uY are locally moderate. 

Denote by the unit sphere on Bi the unit ball in C^. Let tt : —)■ 

be the natural projection map. More precisely, set Zj = Xj + iyj,Xj,yj G 
^,0 < j <k, when T^{xo,yo,Xk,yk) = [zo,...,Zk]. Let 

LIq = {[zq, ..., Zk] G P^, 2^0 7 ^ 0}. There is a natural isomorphism 

9 : Uq ^ C^, [zq, ..., Zk] —>■ {zi/Z q, ..., ZkjZo) (2) 

Let Ko = 6~^{Bi). Kq is a neighbourhood of [1,0, ...,0] in P^. 7r“^(iLo) = 
{{xo,yo,---,Xk,yk) e < koP}- Let So = {{xo,yo, ...,Xk,yk) e 

^2fc-i-i^^o > ^}. It’s obvious that Sq C 7r“^(iLo) and 7r(S'o) is a neighbourhood 
of [1, 0,..., 0]. By the homogeneity of S'^^’''^(resp. P^), there is a neighbourhood 
Sq (resp. vr(S'o)) of any point {xo,yo, ■■■,Xk,yk) (resp. [zo,...,Zk]) which is the 
image of Sq (resp. 7r(S'o)) by rotations (resp. unitary transformations). We say 
that S'q (resp. vr(S'Q)) is similar to Sq (resp. 7r(S'o)). Since P*’ is compact, there 
are hnitely many such neighbourhoods 7r(S'o) that cover P^. Denote by Mk the 
minimum number of such neighbourhoods 7r(S'o) that cover P^. We have the 
following lemma. 
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Lemma 2.8. Let Kq he as above. For any point z G there exists a neigh¬ 
bourhood Kz of z which is similar to Kq. Denote by the minimum number of 
such neighbourhoods Kq that cover P^. Then Nk = 0(8^). 

Proof. Since 7r(S'o) C then Mk > Nk. So it remains to prove that Mk = 
0{8^). We endow with the great-circle distance. So can be regarded as an 

open ball with central point [1, 0,0] of radius Denote S'o by 0,0], ^). 

Let Si = S([1,0, |) = {{xo,yo,-;Xk,yk) e We hrst 

consider the open balls of radius All of them are similar to each other. We 
put the maximal number of balls B{zi,^),..., B{zmk,^) such that all 

of them are disjoint mutually. Then I)• there exists 

a point w G S^^^^ \ 1)’ then the great-circle distance between w 

and Zj is larger than or equal to | for all 1 < j < mk. Hence B{w,^) C 
^ 2 fc+i y B{zj,^), contradicts with the maximality. Then Mk < mk < 

Vol{S^'^~^^)/Vol{Si), the last inequality is due to the mutual disjointedness. It 
means that Nk = 0{Vol{S'^'‘'^^)/Vol{Si)). 

We now use the spherical coordinate for Let Xq = cos 9i,yo = sin 9i cos 6 * 2 , 

...,Xk = sin 6*1 sin 02 • • • sin 02 fc cos 02 fc+i, Vk = sin 9i sin 02 • • • sin 92k sin 02 fc+i• Then 
the volume element of is ds 2 k+iV = sin^^ 0 i sin^^“^ 02 • • • sin 02^001002 • • ■ d92k+i- 

P7T P7T pTT /*27T 

Vol{S^^+^)= Sin2"0id0i / Sin^"-^ 02 002 • • • / sin02fc002A:/ 002fc+l 

Jo Jo Jo Jo 

pn pn p27T 

Vol{Si)= / sin^^0i00i / sin^^“^ 02 002 • • • / sin02fc002fc / 002fc+i- 

00 00 00 00 

This yields 0{yol{S‘^^+^)/Vol{Si)) = 0(f^" sin^^ 0i 00i/ sin^^ 0i 00i). 

Then it suffices to show that sin^^ 9i d9i/ sin^^ 0i 00i < 8^~^^,Vk > 7. 
When k = 7, the inequality is right. By induction on k and the following integrals 


2k 


sm 


01 001 = 


sm 


2k-l 


01 COS 01 2k — 1 
— + 


2k 


2k 


sm 


2k-2 


01 001 , 


the proof is reduced to show that Jg® sin^^ 0 i 00 i > f 4 ^ )^- By the 

relation between sin^^ 0i 00i and Jg® sin^^"*"® 0i 00i, we have 


sin^^ 01 001 


> 


1 V2,2-V2 


)^(1 + 


2-V22k + 2 2- V 2 ^{2k + 2){2k + 4:) 


2fc + l 4 ' 4 

Then the proof is completed. 


4 2A; + 3 


+ ( 


(2fc + 3)(2fc + 5)' 


□ 


The following lemma is needed [H Lemma 2.3]. 
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Lemma 2.9. Let T be a positive closed current of bidegree {k — 1, k — 1) and u a 
T-p.s.h. function on a neighbourhood U of the unit ball Bi in . Suppose that 
u is smooth on -Bi_r \ -Bi- 4 r for a fixed number 0 < r < 1/4. If f is a q.p.s.h. 
function on U, x is a smooth function with compact support on 0 < Xfc < 1 
and Xk = I on Then 


x4>dd'^{uT) = 




J -3r 

dx A (pd^u AT + 


' Bi-r\Bi-3r 

/ x'odd‘^(f) A T. 

'Bl-r 


dd‘^X A (puT 

/ d'^x A (pdu A T 

J -3r 


Let IF be defined in (1) when X = and Q defined in (2). The following 
lemma is crucial for the main proposition in this section. 

Lemma 2.10. Letu be of class with modulus e on a neighbourhood U of Bi in 
with dd^u > 0 in the sense of currents, 0 < p < 1. Setu := log(l+|| 2 :| 1 ^). 
Let Bo = {<p o 9~^ on U : (p E B} and T a positive closed {k — l,k — l)-current. 
IfTAuis {c, a)-moderate on U, then 



—^(p)dd^{uT) < c/ce(cie" H —-) 
4 a 


where ci,C 2 are positive constants independent of k, p and T. 


Proof. We modify the function u on U. Subtracting a constant, we assume that 
u < —e/2 on Bi. Consider the function t;( 2 :) = max(M( 2 ;), eA log | 2 |) for a constant 
A > 0 large enough such that v coincides with u near the origin and v{z) = 
eA log \z\ near the boundary of Bi. For example, A = ^ log A is independent 
of the choice of u. Fix 0 < r < 1/16, we are allowed to assume that u = eAlog \z\ 
on Bi \ i?i_ 4 r. For the smooth function y defined in Lemma 2.9, we can assume 
that ||y ||'^2 < C 3 for some constant C 3 > 1 large enough independent of k, since 
the terms in the definition of the norm || • are smooth on the compact subset 
Bi-r \ -Bi- 2 r- Set ar = T Au, arpi = dd^{uT), epM = max((/, —M),%Pm = <Pm-i — 
(pM) for (p G Bq, M > 0. To prove the lemma, we need to estimate the mass of 
dd^iuT) on {ep < —M}. Since suppy C i?i_r, hence 


arpi{(p < —M} < 


XfjAidd^'iuT). 


Since T is (c, Q;)-moderate, then 

ariz e (P{z) < -M + 1} < 
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By Lemma 2.9, we have 


/ X'4’Mdd'^{uT) = — dd‘^x ^ "^muT 

J Bl J B\-r\B\- 3 r 

— dx ^ ipMd'^u AT + (Tx ^ i^ndu A T 

J Bl-r\Bl -3r J Bl-r\Bl -3r 

+ / xudd'^'ijjM A T 

J B\ — r 


(3) 


We know that oj = \dd^\og{l + || 2 :|n = iEi,/=i(lfpF “ simple 

computations, the eigenvalues of the corresponding Hermitian matrix of u are 
and ^_^_p ||2 {k — 1 times). On the other hand, the eigenvalues of the 

corresponding Hermitian matrix of i Yl^i=i dzj Adzi are k and 0 (A; — 1 times). So 
there exists a constant mi > 0 small enough such that u — ^i Yl’ji=i dzjAdzi > 0 

on Bi. Hence {dd'^x ^ '^T\ < Yl’j i=i dzj A dzi A T| < eH| log(l — 3r)|c3^(jT. 
Observing that 0 < ipM < 1, supp-^M C {0 < —M + 1}, we obtain 




ddd'x ^ "^muT 


k 


< eA\ log(l — 3 r)|c 3 —ce"e 

mi 


a ^—OiM 


Since we know u explicitly on supp((ix), we obtain 


’ Bi-r\Bi-3r 


dx A ipMd'^u A T 


< 


eA 


l-3r 


c^km2ce°'e 




' Bl-r\Bl-Sr 


d^X ^ '^Mdu A T 


< 


eA 


1 - 3r 


c^km2ce°'e 


a ^—aM 


for a constant m 2 > 0 large enough independent of k. The sum of the first three 
terms is less than 


Ciekce°‘e 


(4) 


where C 4 = Hc 3 ( ^^°^ 4 - 30 l _|_ ^^) is independent of k and p. 

For the last integral in (3), we use a regularization procedure and the con¬ 
dition of p-Holder continuity of u. Let {^ 5 } be the smooth approximation of u 
obtained by convolution. For some hxed 0 < <5 < 1 small enough, is dehned 
in a neighborhood of Bi_^. There exists a suitable function satisfying that 
||M 5 ||'g ’2 < and ||m — m^Hoo < where the latter inequality follows from 

that u is of class with modulus e. The above two inequalities are independent 
of k. We write 


Xudd^ifjM A T 


'Bi 


= / xdd^'ilJM ATus+ / x{dd‘'(t)M-i — dd'^cpM) AT{u — us). 
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Since 


We obtain 


xdd\<i)T) 


dd^^X ^ (t>T 


xidd''(pM-i — dd'^cpM) A T 


< k\\x\W^ / IMdar, 
J B\ — r 


< ‘^k\\x\W2 / \(t)\daT 
J Bi — r 


If c 

<‘^k\\x\W2- exp{-a(j))daT <2c3k-. 

Oi J Bl-r 


Then 


x{dd^(j)M-i — dd^(()M) AT{u — us) 
Using Lemma 2.9 again, we obtain 


< 2csk-e5P 
a 


(5) 


xdd^ipM ATus 


= / dd^x AiPmTus + / dx AiPmT A dXus 

J Bl-r\Bl-3r J Bl-r\Bl-3r 

— / d'^x A iPmT a dus + / X'^’mT A dd'^us- 

J Bl-r\Bl -3r JBl.r 

By the same argument, the hrst three integrals have the same dominant constant 

C4eA;ce"e“"^. (6) 

The hnal term 


X'iPmT a dd'^us 


< ce“e "^||m 5||<^2 


(7) 


Let 5 = e "W2 sx^all enough, since it is sufficient to consider M big. Then 
g-aMp /2 _ g-aMg«M( 2 -p)/ 2 _ Combining (4), (5), (6), (7), we have 

arpi{z G Bi, (j) < —M} < ec/c(2c4e" + -—h 2—)e 

k a 

So by Remark 2.5 we have 

J exp{—^(j))dd'^{uT) 

(y 

< 2ec/c(2c4e" + ^ + 2—) < ecA;(cie“ + —), 

k a a 


where ci = 4c4 + 2, C 2 = 4c3. 


□ 



The following proposition is our main result about the estimate for moderate 
measures on P^. 

Proposition 2.11. Suppose that Uj is of class with modulus e on P^ for some 
0 < p < 1,0 < e < 1, and that Uj is an eups-P-S-h. function for all 1 < j < k. 
Assume that e < where /3o is a positive constant independent of k 

and p. Then there exists a positive constant C 5 independent of k and p, such that 

[ exp(-Q;o(7)^0)(A;^Ii(dd%j + eups + ups) - Ups) < (8) 

Jpfc 4 4 

for all (j) ^ IF, where oq is the constant in Proposition 2.2. In other words, 
{A^Ziidd^Uj + eups + cvps) - Upg) is ao{^Y)-moderate. 

Proof. We pull back the integral ( 8 ) locally to that on C^. There is a potential 
V = f log(l + |l2:|P) on such that ( 6 *“^)*(ea;ir 5 ) = dd^v, where the map 9 is 
dehned in (2). Set Uj := Uj o9~^ -\-v. Note that Uj is ecap’S'-p-s.h., then dd^Uj > 0. 
Since uj is of class with modulus e on P^, log(l + ||; 2 |P) is of class on 
for all 0 < a < 1 , then we may assume that Uj is of class with modulus e on 
Bi. Hence < e. Let u = kdd^\og{l + || 2 :|P), we have 


exp(— 00 ) A^jJl {dd^Uj + eups + tvps) 


'Ko 


= / exp(-Q;0o6' ^){9 AiJl {dd‘'Uj + eups + Ups) 




(9) 


= / exp(—000 6' ){dd'^Uiu) A ■ ■ ■ A {dd'^Uk + cv) 

J Bi 


We replace Uj (resp. (p o 9 y by Uj (resp. 0) in the sequel. Since there are two 
constants Cq > 0, Oq > 0 independent of k and p, such that 


/pfc 


exp(-ao0)‘i'ts £ 


( 10 ) 


by pulling back the integral in Bi with Lemma 2.10, we have 

[ exp{—ao^(f)){dd‘^Uj) Au^~^ < CoeA;^(cie"° + — 


'Bi 


CKo 


By induction we can show that 


j-i 


'Bi 


exp{—aQ{-y(j))dd^ui^ A • ■ • A dd%i. Aoj^ i < Cok{ek) 


C 2 


Z =0 
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3/c-l 


for all 1 < /i < • • • < Ij < k. Let ( 5 q = l/(cie^o + ^),€o = I 5 ^k 2 > 


/c + l 

e, eo = 6162,62 = (f)”. Here /So is independent of k and p. Let 6i = 63/(|)“, 
then €3 = /So(^)^/^^- Hence 




exp(—Clio+ ca) A ■ • • A {dcTuk + ca) — u^) 


E 


\J/ JBi 


exp(—Q;o(y)'^0)(i(i%i A ■ ■ ■ A d(fuj A a; 


fc-i 


'32' 


This is equivalent to 


j= 
k 

^E 

i=i 

k 

^E 

i=i 

< ^o(:^)‘’(E 2 2c„( 


Ac„i(e,iy(A)jA)‘’+'=-‘+-+'=-«-'> 

J/ PO 4 

^^co/i;(6iA;)^(L)J(^)^J < co/c^ 


J/ /^o 


i=o 




32 ' 


( 11 ) 


exp(—Q;o(^)^0)(((i(i^Mi+6a;i?s'+a;i7’s')A-"A((i(i‘^Mfc+6a;i7’5+a;i7’5)— 


'Ko 


P \k 


By Lemma 2 . 8 , there is a positive constant N' independent of k and p such that 
Nk < N'S^. Let C5 = 2cqN' . Due to the homogeneity of P^, we have 


/pfc 


exp(—Q;o(^)^0)((dd'^Mi+6a;i7’s'+a;i7’s')A-"A((i(i‘^Mfc+6a;i7’5+a;i7’5 )—■ 


The proof is completed. 


□ 


Remark 2.12. Since {dd^Uj +ufs)^ < {dd^Uj + eups + ^fsYj the above propo¬ 
sition, combined with (10), gives the following estimate 


/pfc 


exp(-Q;o(^)^0)('Sd%i Ti^fs) A ■ • • A {dd^'Uk + wifs) < Cq/c + C5(^)^ < Cq/c + C 5 


for all (p E IF. In other words, {dd^Ui + ups) A • • • A {dd^Uk + ojps) is (cq/c + 
C 5 , -moderate. 


3 Zeros of sections of ample line bundles 

In this section, we will prove the main theorem. Consider a projective mani¬ 
fold X of dimension k and an ample line bundle L on X. There exists a smooth 
Hermitian metric h such that 

ci(h) = -dd''\ogh{eL,eL)^ 
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is a strictly positive (1, l)-form, where is a local holomorphic section on L. 
As we know, Ci{h) represents the Chern class Ci(L) G Let oj = Ci{h) 

be the Kahler form, = ci{L)^ G Z+. The line bundle L"" of the nth tensor 

power of L has a natural Hermitian metric induced by h. The space H^{X, L”) 
of holomorphic sections of L” has the following inner product, 

(Si,S2):= —ryTT [ hn{si, S2)uj’^ 

Cl{Lf Jx 

Vsi, §2 G H^{X, L^). For more details, see |S] 

Denote by PiL°(X, L"-)* the dual of PiL°(X, L"). Let ojps be the standard 
normalized Fubini-Study form with no confusion. When n is big enough, the 
Kodaira map is dehned by 

: X ^PFr°(X,L")*, 

$„(x) := {s G Pi7°(X,L'^) : s(x) = 0}. 

Note that <Fn(a;) can be regarded as a hyperplane in PiL°(X, L"). Choose an or¬ 
thonormal basis {sn,j}^=o with respect to the above inner product on H^{X, U"). 
Then by an identihcation via the basis, we obtain a holomorphic map 

: X -)■ P'^”. 

Let U C X be a contractible Stein open subset, a local holomorphic frame of L 
on U. Then there exist holomorphic functions Snj on U such that Snj = Snye®”. 
Then the map is expressed locally as follows, 

<F„(x) = [s„,o(a^) : ••• : Sn,k„{x)], Vx G U. 

We call <F*(ci;i? 5 ) the Fubini-Study current which is independent of the choice 
of basis. Recall that a meromorphic transform between two complex manifolds 
is a surjective multivalued map with an analytic graph. To be more precise, 
let (Xi,a;i), (X 2 ,a; 2 ) be two compact Kahler manifolds of dimension ni and n 2 
respectively, a meromorphic transform F : Xi —)■ X 2 is the data of an analytic 
subset F C Xi X X 2 of pure dimension n 2 + l such that the natural projections tti : 
Xi X X 2 —)■ Xi and 7r2 : Xi x X 2 —)■ X 2 restricted to each irreducible component 
of F are surjective. F is called the graph of F. We write F = 712 o (vrilr)”^. 
The dimension of the hber F~^{x 2 ) ■= 7ri(7r^^|r(a^2)) is equal to I for the point 
X 2 G X 2 generic. This is the codimension of the meromorphic transform F. If 
T is a current of bidegree (m,m) on X 2 , ^2 -f / — ni < m < n 2 , we dehne 
F*{T) := (7ri)*(7r2(T) A [F]), where [F] is the current of integration over F. The 
intermediate degree of order m of a meromorphic transform F : Xi —)■ X 2 is 
dehned by 

A^(F)= [ F*{u^) = f AF*(a;"^+^-”^). 

Jxi Jx2 
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Now we consider the meromorphic transforms from X to ¥H^{X, L”) indnced 
by the Kodaira maps. The meromorphic transform Th : X —)■ FH^{X, L”) has 
the following graph 

r„ = {(x, s) e X X Phf°(X, L") : s(a;) = 0}. 

Since X is ample, for every point x E X, there exists a point s G FH^{X, 
snch that s{x) = 0. Hence the projection from r„ to X is snrjective. Since is 
not trivial, there are no nowhere vanishing sections. That is to say, every point 
s G Pif°(X, L”) mnst vanish at some point x E X. Hence the projection from 
r„ to Pi7°(X, L”) is snrjective. Then Fn is indeed a meromorphic transform of 
codimension k — 1. For more details abont these meromorphic transforms, refer 
to P, Example 3.6(c)]. Note that 6n ■= Xk„-i{Fn) (resp. dn := Xkr,{Fn)) is the 
intermediate degree of order kn — I (resp. kn) of 

Lemma 3.1. In the above setting, 6n is bounded and dn = nci{L)^. Moreover, 
= Kiu^Fs). 

Proof. The hrst assertion is proved in P Lemma 7.1] by nsing cohomological 
argnments. We prove the second one with the dehnition of Ff. For any test 
{k — 1, k — l)-form ip, we have 

V’) “ [ X 


a u 


/piro(x,L") 


/PF0(X,L") Jn2^{sn)nrn 


FS 




'IpUj'Psi^n) 


JPH0{X,L'^) J {xeX-.Snix)=0} 

= f (lZ.„],i’H"sPn) 

JfH0(X,L^) 

= (<F* (cufs),'«/’)• 

The last eqnality follows from P Proposition 4.2]. This completes the proof. □ 

From now on we introdnce some other notations and properties from p. 
Snppose that /r is a PLB probability measnre on P^. F is dehned in (1) when 
X = P^ Let 


Q(P^,a;i? 5 ) = {0 q.p.s.h. on P^ : dd^p > —ups}, 
R{F^,ufs,p) = j 0 G x|, 
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S{F^,ujfs, 1^) = sup 


<pdfi 


,0 e Q(P^,a;F5), / (pujps = 0 h 


A(P^, ups, Ai, t) = sup p(0 < -A), 0 e Q(P^, wfs), / = 0 


for any A > 0. When p = we write -R°(P^,p). These 
constants are related to Alexander-Dinh-Sibony capacity [9]. 

Proposition 3.2. S'(P^, cjfs,/^) < -R(P^, /^) +-R°(P^,i^fs)- 

The above proposition comes from Section 2 in [9]. There is an important 
estimate for i?°(P*^,see P Proposition A.3]. 


Proposition 3.3. 

R\F\ujFs)<\{l + \ogk). 

Let (Tn be a PLB probability measure on PiL°(X, L”). To simplify the nota¬ 
tions, let 

Rn:= R{FH\X,L^),UFs.(Tn). 

Rl ■.= R{FH\X,L-),u:fs.u:%-s). 

^(PLA°(X,L"),a;^s,a„), 

A„(A) := A(PLA°(X,L"),a;i.s,a„,A). 

Let P^ := n„>iPLr°(X,//"■) endowed with its measure a = Iin>iO'n- Denote by 
6 z the Dirac measure at a point z. We specify the following two theorems for the 
above case, see [9]. 

Theorem 3.4. Suppose that the sequence {RnSnd~^} tends to 0 and 


Dn>iA^((5^ d^A) < oo 


for all t > 0. Then for almost everywhere s = (sn) € P^ with respect to a, the 
sequence {d~^{Ff{6s^) — Ff{an)),'ip) converges to 0 uniformly on the bounded set 
of {k — 1, k — l)-forms on X of class 

Theorem 3.5. Suppose that the sequence {Sndnd~^} tends to 0. Then {d~^{Ff{an) 
—Ff{u:^pg)),'ip) converges to 0 uniformly on the bounded set of{k — l, k — l)-forms 
on X of class . 


In fact, Dinh and Sibony proved the above two theorems for any countable 
family of compact Kahler manifolds with meromorphic transformations. The 
following theorem is due to Tian-Zelditch [T8] . 

Theorem 3.6. For all r >0, ||n“^d>*(a;i? 5 ) — uj\\<ffr = 0{n~^). 
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In order to prove the main theorem, we write 

< \{n-^[ZsJ\-n-^F*{an),'ip)\ 

+ \{n~^FnM - n-^F*{uj%),'ilj)\ + - cn, ^/>>|, 

for any test form ip of bidegree (/c — 1, /c — 1) on X. It is sufficient to prove that 
the three terms in the right side of the inequality all tend to 0 when n —)■ cxd. 
The third one is right due to Theorem 3.6. The hrst one holds under the condi¬ 
tions that Rn = o(n), Ylin>i < oo, Vt > 0 by Theorem 3.4. The second 

one is valid when Sn = o{n) by Theorem 3.5. By applying Proposition 3.2 and 
Proposition 3.3, the proof is reduced to the estimates of i?„/n and 
for any t > 0. 

End of the proof of Theorem 1.1. We have Fp{u’Rg) = (<hn)*a;ir 5 by Lemma 
3.1. It follows from Theorem 3.6 that 

n-‘F*(4"s) ^ uj (12) 

in the weak sense of currents. We write /^ 2 ,n = fs + 

^Fs) ~ hi,n- Then < fii n + /i 2 ,n- Note that /c„ = Ci(L)^n^//c! -|- 0{n^~^). Let 
c > > 1 such that then c depends only on X,L 

and p. Hence p 2 ,n is a positive moderate measure satisfying Proposition 2.11. To 
estimate A„, we consider any q.p.s.h. function 0 on P^" such that d(F(p > —ups 
and f (pdcTn = 0. Set (p := (p — maxpfc„ (p. It is obvious that ip E F hj dehnition 
in (1). Since J (pdan = 0, maxpfc„ 0 > 0. Hence p> < p. Then we have 

an{p < —nt) < crn(p> < —nt) 

< < -nt) + p,2,n{‘^ < -^t) 

< j exp{ao{-nt - (p))dpi^n + j exp(ao(^)^"(-nt - <p))d/i2,n 

< co/i;nexp(-aont) -f exp(-ao(^)^"nt). 

The last inequality follows from Proposition 2.2 and Proposition 2.11. Then by 
the dehnition of A„, we have 

^A„(nt) < y^cp/cn exp(-aont) -f ^ C 5 (^)''" exp(-tto(^)^"nt). (13) 

n>l n>l n>l 

It is obvious that X]n>i ^ exp(—tends to 1 

when n tends to inhnity, Vt > 0. This yields A„(nt) < oo. By Proposition 

3.3 and Proposition 2.11, 

limsupi?°/n< lim ^ g_ 

n—^oo n—^oo 2 tI 
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( 15 ) 


limsupi?n/'^ < lim sup < — / 

n—^oo n—>oo y J 




(t)dfi 2 ,n \ jn 


< limsupi?^/n + lim C 5 (y)*^"/(ao( 7 )^"n) = 0 
n—>-oo n—)-oo 4 4 

By Proposition 3.2, (14) and (15), limsup^^g^ S^jn = 0. Note that Snd~^ = O(^) 
by Lemma 3.1. Hence by applying Theorem 3.5, the following sequence 


fP\kn 




(16) 


in the weak sense of currents. We know that F*{6s„) = [Zs„] by the dehnition 
of F*. Combined with (13) and (15), Theorem 3.4 implies that for cr-almost 
everywhere s G P^, the following sequence 




(17) 


in the weak sense of currents. Then we deduce from (12), (16) and (17) that for 
(T-almost everywhere s G P^, 

+ - n-^F^{u’Ps),'il’)\ + \{n-^F*{u’Ps) - uJ,'ip)\ ^ 0 , 

for any test form ijj of bidegree {k — 1, k — 1) on X when n tends to cx3. That is 
to say, n“^[Zs„] converges weakly to u. The proof is completed. □ 


Now given X and L in Theorem 1.1, we construct a concrete example of a 
sequence of functions (unj) satisfying the conditions of the theorem. We require 
that Un,i = ■ • • = Un,kn = Un- Notice that we can perturbate so that the con¬ 
stants en do not change and the perturbed functions still satisfy the conditions 
in Theorem 1.1. 

Example 3.7. Let tt : \ {0} —)■ P^ be the natural map. Consider the map 

j ; pfc pfc f[zo,...,Zk] = [zq,...,z^]. From [151 Example 1.6.4], its Green 
function is s{z) = max(log l^ol, •••, log |2:fc|). Moreover, s is a Holder continuous 
function with any exponent 0 < p < 1. We obtain a well-dehned function 

n := max(log log ■^^) (18) 

hI I^I 

on P^. Since 7i*{dd^v + ups) = dd'^s > 0, then v is ca^^-p.s.h. and Holder 
continuous with any exponent 0 < p < 1. Denote by dps fhe distance induced 
by Fubini-Study metric. Let dk = sup^^^gpfc show that 

Z^W 

dk < V^k (19) 

at the end of the example. For each n, we obtain a corresponding function Vn using 
(18) and identifying FH^{X, L”) with P^". Consider the functions with 
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suitable constants < l/c”*", where c = Let e„ := d^. 

Since kn = 0{rd), it follows from (11) that dk^ = 0{rd). Consequently, Un 
is of class with modulus l/c" . Moreover, since Vn is Ci;i7’5-p.s.h., we infer 
that Un is enWFs-p.s.h.. So {un} satisfy the three conditions in Theorem 1.1. 
From the above proof, we see that a = nn>i ~ {dd^Un + oJpsY"' satisfies the 
equidistribution property. 

Finally we prove (19). It is sufficient to consider the special case when \zo\ > 
max{|^i|,..., I^fcl}, \wo\ > max{|M;i|,..., |wfc|}. Then 

1 |log(l + l^p) - log(l + |tcp)| 
dk = - sup - - — - -r- - 

z,w&K dpsyZ-iWjP 

Z^W 


where z = = (^,...,^) e and K = {z e C’^ : bd < 1,1 < 

i < k}. Let g = Qijdx^ 0 dx^ be the associated Riemannian metric with 

5'ii ~ • When ri = \z\^r 2 = |ry| are fixed, dFs{z,w) takes its minimum 

only when 2 ; and w are at the same line through the origin in The distance 
is invariant with respect to the orthogonal group 0 {2k) in this case since the 
Fubini-Study metric is invariant with respect to the unitary group U{k) on P^. 
So we take the simple case when ^ = (ri, 0,..., 0), tc = (r 2 , 0,..., 0). Hence 


dk = 


TT 


sup 


log(l + r|) - log(l + rf) 


2 o<ri<r2<fc (arctanr2 — arctanri)^ 

log(l + tan^ S 2 ) — log(l + tan^ Si) 


sup 

^ 0<si<S2<arctan 


(S2 - Si)^ 


< ^ max(log(l + fc^). 


sup 

S2 —Sl<l 

0<si <S2<arctan k 


log(l + tan^ S 2 ) — log(l + tan^ si) 


S2 - Si 


). 


The function y = log(l + tan^a:) is increasing and convex on [0, 00 ). 
second term in the last inequality is equal to (log(l + tan^ s))' 
completes the proof of (19). 


s=arctan k 


So the 
2k. This 


Now we are in a position to prove Theorem 1.2. 


Proof. It follows from Lemma 3.1 and Theorem 3.6 that 

( 20 ) 

for some positive constant Ci depending only on X, L. We know that Sn = 
O(logn) by using Proposition 3.2, (14) and (15), then Theorem 3.5 and [9l Lemma 
4.2(c)] imply that 

|(n-‘F„*(a„) - (21) 
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for some positive constant C 2 depending only on X, L. Set 

^n(eo) := U e Pi70(X,L") : |(n-'[Z,J - ^>| > 60 } 

U\W2<1 

for any cq > 0. We define := where C^, is some positive constant 

depending only on X, L. Note that Rn = O(logn) from ineqnalities (14) and 
(15). By applying |9l Ineqnality (4.4)], we dednce that 

(yn{En) < A„(C4logn). 


Here is a positive constant depending only on X, L. Moreover, is snfficiently 
large snch that > k + 2 since C 3 can be chosen snfficiently large. Recall 

that tto is the constant defined in Proposition 2.2. Then by (13), we obtain 

crn{En) < A„(C4logn) 

< cofcnexp(-aoC' 4 logn) + C 5 (^)^" exp(- 006 * 4 (^)*'” logn) ^^2) 

1 C 

^(CO + C5)A;n^<^. 

Here C* is a positive constant snfficiently large which depends only on X, L. Note 
that the third ineqnality of ( 22 ) follows from a direct calculation when n is big 
enough. The fact that kn = 0{n^) yields the last inequality of (22). By definition 
of En, we obtain for any point s„ G PF°(X, E^) \ F„, 

|(n-'[Z,J - n-V„*K),V->| < (23) 

It follows from (20),(21) and (23) that 

|(n-‘|Z,J-(.,,V>|< (24) 

The proof is completed. □ 

Remark 3.8. Since Yl^=i^ri{,En) < 00 , Theorem 1.2 gives an alternative proof 
of Theorem 1.1. 
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